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Abstract. Massive neutrinos leave a unique signature in the large scale clustering of
matter. We investigate the wavenumber dependence of the growth factor arising from
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1 Introduction
The neutrino oscillations confirmed by solar, atmospheric, reactor and accelerator neutrino
experiments indicate that the Standard Model neutrinos have non-zero mass (see for ex-
ample [1–3]). Neutrino oscillation experiments constrain mass squared differences between
neutrino mass states, but this type of data is unable to determine alone the absolute neu-
trino mass scale. Furthermore, with current measurements, different arrangements of the
neutrino mass states are allowed for the ordering of the neutrino masses, namely the normal
hierarchy (NH) or the inverted hierarchy (IH).
By being sensitive to the gravitational effect of the sum of all neutrino mass states,
cosmological observables provide an alternative way of characterizing neutrino masses that
is complementary to oscillation experiments (see [4] for a review). Current constraints on
the sum of neutrino masses
∑
mν are approaching the critical 0.1 eV level, below which
an inverted neutrino mass hierarchy is excluded ([5–7]). Massive neutrinos are expected to
have an effect on the growth of large scale structure in the the universe. Massive neutrinos
shift matter-radiation equality and reduce cold dark matter (CDM) fluctuations during
matter domination ([8, 9]). These effects decrease small-scale perturbations and imply that
neutrino mass information can be obtained from the matter power spectrum Pm(k, z).
Many previous studies ([10], see [11] for a review) have investigated Pm(k, z) at
large k  knr where analytic approximations exist. The wavenumber knr corresponds
to the horizon size when the thermal velocities of neutrinos become nonrelativistic: knr ≈
0.02(Ωm)
1/2
√
mν
1eV
h
Mpc . The high thermal velocities are sufficient to suppress structure
formation on small scales, but as the neutrino momenta redshift away it becomes possi-
ble for neutrinos to participate in cosmic growth of structure on larger scales. This leads
to a distinct scale dependence to structure formation that changes with time [12]. This
time-dependent scale-dependence is a unique signature of a particle with a high thermal
velocity, and there is a clear prediction for both the amplitude and shape of this effect for
any particular set of neutrino masses.
There are several ways that this time-dependent, scale-dependent effect is measurable.
One approach consists in studying the time evolution of the matter clustering at a given
scale. Given a measurement of the matter power spectrum at early times (as provided by
the cosmic microwave background, for example), one could measure the power spectrum
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at late times to determine exactly how much power has been suppressed. This could be
difficult to separate from other effects which change the growth rate of structure, such as
dark energy, but is a sensitive probe of neutrino masses (e.g. [13])
Another approach corresponds to measuring the scale dependence of the matter power
spectrum at a fixed time to probe the differential power at large and small scales coming
from the integrated difference in growth. While this could be difficult to separate from
a scale dependent bias, it has been shown that scale-dependent bias is also an additional
probe of neutrino masses [14]. Performing this measurement at several cosmic times, how-
ever, would allow a measurement of the time dependent scale-dependence of the growth of
structure.
In this paper, we investigate a method to measure the dynamics of structure formation
that captures the essential aspect of the rate at which structure grows being dependent on
scale: redshift space distortions [15]. Measurements of large scale structure typically use
cosmological redshift as a proxy for the line-of-sight distance. Peculiar velocities from the
growth of structure lead to a distortion in this mapping that is simply related to the rate
at which large scale structure density contrasts are growing. This is a measurement of the
growth rate of structure, commonly defined as
f = d(lnD1)/d ln a , (1.1)
where D1 is the amplitude of density perturbations and a is the cosmological scale factor.
The free-streaming of neutrinos will slightly suppress this rate on small scales as compared
to large scales, making f a function of both k and z. While this is a relatively small effect,
it is a direct measurement of the effect of neutrinos on the growth of large scale structure
and would be an extremely robust model-independent validation of a cosmological neutrino
mass measurement.
In this paper, we ask how well a galaxy power spectrum measurement can determine
f and its scale dependence, the unique signature of a massive (but still relatively light)
particle. We approach this question in section 2 through a Fisher matrix analysis and
determine the size of the galaxy survey needed to measure the scale dependence of f . This
will depend on redshift, as both the available volume and the scale dependence of f are
redshift-dependent. Our results are summarized by figure 2 which is presented and discussed
in section 3.
The growth of structure as a cosmological probe contains a wealth of information on
dark matter, dark energy and possible extensions (see [16] for a review). The work of [14]
studies the scale-dependent, time-dependent effect of massive neutrinos of the growth of
structures, including galaxy bias and including the effect of using multiple tracers of large
scale structure as a way to improve precision. Our work differs in that we restrict ourselves
to the case of a single tracer and focus on the detectability of the scale dependence of
f(k, z) at different redshifts in order to design future surveys with this goal in mind. We
refer the interested reader to [14] for further considerations on the scale dependent effect of
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massive neutrinos on the halo bias and its impact on the total neutrino mass measurement
forecasted errors.
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Figure 1: The growth rate of structure f(z, k) as a function of k compared to its low k
value at z = 0, 2, 5, 7 for total neutrino mass mT = 0.058 eV (solid lines) and mT = 0.23 eV
(dotted lines). The values mT = 0.058 eV and mT = 0.23 eV correspond to the minimum
and maximum 95% CL constraints on total neutrino mass [1, 17].
2 Sensitivity of cosmological surveys
Ignoring horizon-scale corrections [18] and assuming a simple linear bias model, the galaxy
number density measured in redshift space can be expressed as
δg(z,~k) =
(
b+ f(z, k)µ2
)
δm(z, k) , (2.1)
where b is the galaxy bias and µ ≡ kˆ · rˆ, with rˆ being the line of sight. The galaxy power
spectrum Pg(k, z) is then simply related to the matter power spectrum Pm(k, z):
Pg(z,~k) =
[
b+ f(z, k)µ2
]2
Pm(z, k) , (2.2)
Neutrino masses affect not only the mean f at a given redshift but also its weak
dependence in k. Given a neutrino mass hierarchy, we can calculate this f(z, k) from the
matter power spectrum.
Typically f varies between 0.3−1% as we go from low k to high k (see figure 1 ) While
the effect is small, we will show that it is well within the grasp of cosmological surveys that
cover large fractions of the sky at redshifts past z ∼ 1. While measuring f on its own
will be a valuable probe of neutrino masses, measuring the scale dependence will be an
extremely robust signature. To study how well one could measure f(z, k), we model f(z, k)
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at a given redshift as being the fiducial relation expected for massive neutrinos within a
given splitting scheme, f0(z, k), having corrections that are piecewise constant in two bins
in k:
f(z, k) ≡ f0(z, k) + fLθ(ksplit − k) + fHθ(k − ksplit), (2.3)
where θ is the Heaviside step function, fL is a possible correction of f(z, k) at low k and
fH is that at high k, with the split between high and low k occurring at ksplit. We take
ksplit = 0.03h/Mpc based on inspection of figure 1. Note that we are not approximating
f(z, k) by a step function, only the deviation of f(z, k) from the f0(z, k) which we calculated
using the CLASS Boltzman code [19, 20].
Given a specified galaxy survey, it is possible to use the galaxy number density to
calculate the signal-to-noise expected per mode k and use this to forecast the precision on
parameters of interest. Our intent is to instead characterize the required survey parameters.
To estimate the sensitivity of a survey at a particular redshift, we assume that one has a
sample-variance limited measurement of the galaxy number density to a certain limiting
kmax in harmonic space. This highest k is an essential input to a calculation of constraints
on neutrino mass, since there are many more modes at high k than at low k. In our
calculation we set kmax to be the smaller of either the non-linear scale at a given z or
kmax = 1 h/Mpc.
Any useful discussion of forecast constraints on the total neutrino mass or determina-
tions of inverted versus normal hierarchy must have a reliable accounting of how small-scale
(high k) constraints are limited by either non-linearity in the cosmological density field, shot
noise in the galaxy survey, or details of survey limitations that make it difficult to accurately
measure density contrasts at small separations. However, for the purposes of comparing f
on small scales vs large scales, the vastly larger number of modes on small scales means
that the accuracy of the comparison between large scales and small scales will primarily be
limited by the accuracy of the large-scale (low k) measurement.
We work with seven free parameters: the growth parameters fL and fH , the sum of
the neutrino masses mT , the spectral index ns, the effective number of relativistic neutrinos
Neff , the density of cold dark matter Ωcdm and the galaxy bias b. We do this in a minimal
3-flavour neutrino mixing scheme, with all the other cosmological parameters fixed. We fix
the amplitude of the matter power spectrum, as any change in the matter power spectrum
amplitude could be absorbed into a corresponding correlated change in b, fL and fH . In
particular we take h = 0.7, Tγ0 = 2.7255 K,Ωb = 0.05,ΩΛ = 1− Ωm, σ8 = 0.83.
We take the spectral index ns = 0.96 with a prior given by the Planck 2015 [7]
68% C.L. value of σns = 0.006. We take the Standard model value for the effective number
of relativistic neutrino degrees of freedom in the early universe, Neff = 3.046 with a prior of
0.34 [17].1 We take Ωcdm = 0.25 with a prior of 0.01. We take the bias b = 1 with no prior.
1To obtain Neff = 3.046 using CLASS Boltzman code with three massive neutrinos we need to set
the ultra-relativistic species number Nur = 0.00641. This is documented in the explanatory.ini file of the
publically available version 2.4.3, http://class-code.net/.
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For mT we consider all neutrino masses that satisfy the current 95% CL constraints [1, 17].
The corresponding range of neutrino masses is [0.058, 0.23] eV for the normal hierarchy
(NH) and [0.098, 0.23] eV for the inverted hierarchy (IH).
Given an assumed galaxy number density field up to some kmax, we can calculate
the information content of an assumed survey using the Fisher matrix: the ensemble-
averaged curvature with respect to parameters of the logarithm of the likelihood function
for an assumed fiducial set of input parameters [21]. By assuming a sample-variance-limited
survey, at each wavenumber k there is no noise and the precision of the power measurement
within the survey is solely limited in precision by the number of modes that are measured.
The Fisher matrix entries Fx,y are given by ([22],[23],[24])
Fx,y ≈ 1
2
∫
dk3
(2pi)3
[∂x lnPg(z,~k)] [∂y lnPg(z,~k)] Veff(~k) (2.4)
Veff is the effective volume of the survey. For a constant comoving galaxy number density
ng and galaxy survey volume "Vol" the effective volume is given by:
Veff(z,~k) = Vol
[
1
1 + 1/(ngPg(z,~k))
]2
(2.5)
The 1/ng is the white shot noise from the Poisson sampling of the density field. When
s ≡ 1/(ngb2Pm) is much less than one, shot noise is negligible. The indices x, y refer to the
parameters fL, fH ,mT , ns, Neff ,Ωcdm, b. For x, y ∈ {fL, fH ,mT , ns, Neff ,Ωcdm} this leads
to:
Fx,y =
Vol
2
∫
dk3
(2pi)3
[
2µ2
kˆ
∂xf/b
1 + fµ2
kˆ
/b
+ ∂x lnPm
][
2µ2
kˆ
∂yf/b
1 + fµ2
kˆ
/b
+ ∂y lnPm
][
1
1 + s
(1+fµ2
kˆ
/b)2
]2
(2.6)
Note that ∂fL [lnPm] = ∂fH [lnPm] = 0.
For x ∈ {fL, fH ,mT , ns, Neff ,Ωcdm}, y = b:
Fx,b =
Vol
2
∫
dk3
(2pi)3
[
2µ2
kˆ
∂xf/b
1 + fµ2
kˆ
/b
+ ∂x lnPm
][
2/b
1 + fµ2
kˆ
/b
][
1
1 + s
(1+fµ2
kˆ
/b)2
]2
(2.7)
and for x = y = b
Fb,b =
Vol
2
∫
dk3
(2pi)3
[
2/b
1 + fµ2
kˆ
/b
]2[
1
1 + s
(1+fµ2
kˆ
/b)2
]2
(2.8)
The integrals are evaluated in two parts. Since
∫
dk3
(2pi)3
= 1
4pi2
∫ kmax
0 k
2dk
∫ 1
−1 dµkˆ, we eval-
uate the dµkˆ integral analytically with Mathematica. We then evaluate the dk integral
– 5 –
numerically. The integral over dk is cut off at kmax, assumed to be set by the smaller of
either the non-linear scale at a given z or by kmax = 1 h/Mpc. We define the nonlinear
scale at a given redshift to be the point where the linear power spectrum and the halofit
model [25–27] differ by 10%. The particular cutoff assumed for kmax does not materially
change our conclusions, as the ability to measure the scale dependence of f(k, z) is primar-
ily limited by the number of available low-k modes. To the Fx,x entries, x = ns, Neff ,Ωcdm
we add 1/σ2x corresponding to the Planck 2015 68% C.L. on these x, as discussed above.
We evaluate Pm(z, k) and f(z, k) using the CLASS Boltzmann code [19, 20].
The one sigma uncertainty in a parameter x is given by the square root of the of the
diagonal elements of the inverse of the Fisher matrix, σx =
√
F−1x,x. We are interested in
x = fL and fH .
3 Results and Discussion
By inverting the Fisher matrix we are able to calculate σfL and σfH . As expected, the vastly
greater number of modes at high k results in σfH being an order of magnitude smaller than
σfL . Hence measuring the scale dependence of f(k) requires measuring fL to within the
percentage difference between low and high k shown in figure 1. Rather than present the
ratio of σfL/(f(klow)− f(khigh)), we show the volume needed to measure this ratio to (1σ)
in figure 2.
For both the inverted and normal hierarchies, a variety of redshifts, and different
values of the comoving galaxy number density, we show in figure 2 the volume required to
minimally measure at 1σ the expected difference between the low-k and high-k growth rates.
These constraints are driven primarily by volume, rather than by the smallest resolvable
scales.
The volumes required are large compared to ongoing surveys. While challenging for a
traditional galaxy survey, this is not an unattainable goal for emission-line-galaxy surveys or
intensity mapping experiments. Rather, the challenge is to reach sufficient number densities
or sufficiently low noise levels to image large-scale structure at the required sensitivity. For
example, the LoFar 21 cm intensity mapping experiments will survey half the sky between
redshifts of z = 1.5 to z = 10, corresponding to volumes of over 1100 Gph/h3 [28]. From
figure 2b we see that for ng > 10−2h3/Mpc−3 a redshift survey out to z = 5 should measure
at 1σ this scale dependence for all neutrino masses, whereas a survey out to z = 3 would
measure at 1σ this scale dependence if the total neutrino mass was greater than 0.12 eV. In
particular a volume of about 900 Gph/h3 is needed to measure the scale dependent growth
rate for all possible neutrino masses at around z = 5. For ng is as low as 10−3h3/Mpc−3,
we see from figure 2d that a survey out to z = 3 would measure at 1σ this scale dependence
if the total neutrino mass was greater than 0.14 eV.
The measurement of the scale dependence of f(z, k) is a cosmological measurement
of neutrino masses, complementary to their measurement by oscillatory experiments. And
since the amplitude and shape of f(z, k) depends on the particular set of neutrino masses,
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Figure 2: Volume needed, for different values of the comoving galaxy number density ng,
for a 1σ determination of σfLf(klow)−f(khigh) as a function of total neutrino mass mT for the NH
and IH. The IH z = 5 line is only for mT > 0.1 eV. The horizontal grey lines corresponds
to the volume available up to redshifts 2,3,4,5 and 6.
its measurement not only determines the total neutrino mass, but could also distinguish
between the IH and NH mass hierarchies.
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